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A MEMOIR ON CURVES OF THE THIRD ORDER. 


[From the Philosophical Transactions of the Royal Society of London, vol. Cxuvit. for the 
year 1857, pp. 415—446. Received October 30,—Read December 11, 1856.] 


A CURVE of the third order, or cubic curve, is the locus represented by an 
equation such as U=(«Qa, y, z)®=0; and it appears by my “Third Memoir on - 
Quantics,” [144], that it is proper to consider, in connexion with the curve of the third 
order U =0, and its Hessian HU=0 (which. is also a curve of the third order), two 
curves of the third class, viz. the curves represented by the equations PU=0 and QU=0. 
These equations, I say, represent curves of the third class; in fact, PU and QU are 
contravariants of U, and therefore, when the variables æ, y, z of U are considered as 
point coordinates, the variables é, », € of PU and QU must be considered as line 
coordinates, and the curves will be curves of the third class. I propose (in analogy 
with the form of the word Hessian) to call the two curves in question the Pippian 
and Quippian respectively. [The curve PU=0 is now usually called the Cayleyan.] 
A geometrical definition of the Pippian was readily found; the curve is in fact Steiner's 
curve R, mentioned in the memoir “Allgemeine Eigenschaften der algebraischen Curven,” 
Crelle, t. xLvit. [1854] pp. 1—6, in the particular case of a basis-curve of the third 
order; and I also found that the Pippian might be considered as occurring implicitly 
in my “Mémoire sur les courbes du troisième ordre,” Liouville, t. 1x. [1844] pp. 
285—293 [26] and “Nouvelles remarques sur les courbes du troisiéme ordre,” Liouville, 
t. x. [1845] pp. 102—109 [27]. As regards the Quippian, I have not succeeded in 
obtaining a satisfactory geometrical definition; but the search after it led to a variety 
of theorems, relating chiefly to the first-mentioned curve, and the results of the investi- 
gation are contained in the present memoir. Some of these resuits are due to Mr 
Salmon, with whom I was in correspondence on the subject. The character of the 
results makes it difficult to develope them in a systematic order; but the results 
are given in such connexion one with another as I have been able to present them 
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in. Considering the object of the memoir to be the establishment of a distinct 
geometrical theory of the Pippian, the leading results will be found summed up in 
the nine different definitions or modes of generation of the Pippian, given in the con- 
cluding number. In the course of the memoir I give some further developments 
relating to the theory in the memoirs in Liouville above referred to, showing its 
relation to the Pippian, and the analogy with theorems of Hesse in relation to the 
Hessian. 


Article No. 1—Definitions, kc. 


1. It may be convenient to premise as follows:—Considering, in connexion with 
a curve of the third order or cubic, a point, we have: 


(a) The first or conic polar of the point. 
(b) The second or line polar of the point. 


The meaning of these terms is well known, and they require no explanation. 


Next, considering, in connexion with the cubic, a line— 
(c) The first or conic polars of each point of the line meet in four points, 
which are the four poles of the line. 


(d) The second or line polars of each point of the line envelope a conic, which 
is the lineo-polar envelope of the line. 


And reciprocally considering, in connexion with a curve of the third class, a line, 
we have: i 
(e) The first or conic pole of the line. 
(f) The second or point-pole of the line. 


And considering, in connexion with the curve of the third class, a point— \ 


(g) The first or conic poles of each line through the point touch four lines, 
which are the four polars of the point. 


(h) The second or point poles of each line through the point generate a conic 
which is the point-pole locus of the point. 


But I shall not have occasion in the present memoir to speak of these reciprocal 
figures, except indeed the first or conic pole of the line. 


The term conjugate poles of a cubic is used to denote two points, such that the 
first or conic polar of either of them, with respect to the cubic, is a pair of lines 
passing through the other of them. Reciprocally, the term conjugate polars of a curve 
of the third class denotes two lines, such that the first or conic pole of either of 
them, with respect to the curve of the-third class, is a pair of points lying in the 
other of them. 
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The expression, a syzygetic cubic, used in reference to two cubics, denotes a curve 
of the third order passing through the points of intersection of the two cubics; but 
in the present memoir the expression is in general used in reference to a single cubic, 
to denote a curve of the third order passing through the points of intersection of 
the cubic and its Hessian. As regards curves of the third class, I use in the memoir 
the full expression, a curve of the third class syzygetically connected with two given 
curves of the third class. 


It is a-well-known theorem, that if at the points of intersection of a given line 
with a given cubic tangents are drawn to the cubic, these tangents again meet the 
cubic in three points which lie in a line; such line is in the present memoir 
termed the satellite line of the given line, and the point of intersection of the two 
lines is termed the satellite point of the given line; the given line in reference to 
its satellite line or point is termed the primary line. 


In particular, if the primary line be a tangent of the cubic, the satellite line 
coincides with the primary line, and the satellite point is the point of simple inter- 
section of the primary line and the cubic. 


Article No. 2.—Group of Theorems relating to the Conjugate Poles of a Cubic. 


2. The theorems which I have first to mention relate to or originate out of the 
theory of the conjugate poles of a cubic, and may be conveniently connected together 
and explained by means of the accompanying figure. 


The point Æ is a point of the Hessian; this being so, its first or conic polar, 
with respect to the cubic, will be a pair of lines passing through a point F of the 


G 


Hessian; and not only so, but the first or conic polar of the point F, with respect 
to the cubic will be a pair of lines passing through Æ. The pair of lines through 
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F are represented in the figure by FBA, FDC, and the pair of lines through Æ are 
represented by HCA, EDC, and the lines of the one pair meet the lines of the other 
pair in the points A, B, C, D. The point O, which is the intersection of the lines 
AD, BO, is a point of the Hessian, and joining HO, FO, these lines are tangents to 
the Hessian at the points Æ, F, that is, the points Æ, F are corresponding points of 
the Hessian, in the sense that the tangents to the Hessian at these points meet in 
a point of the Hessian. The two points Æ, F are, according to a preceding definition, 
conjugate poles of the cubic. 


The line LF meets the Hessian in a third point G, and the points G, O are 
conjugate poles of the cubic. The first or conic polar of G, with respect to the cubic, 
is the pair of lines AOD, BOC meeting in O. The first or conic polar of O, with 
respect to the cubic, is the pair of lines GEF and Gfefe’ meeting in G. The four 
poles of the line HO, with respect to the cubic, are the points of intersection of the 
first or conic polars of the two points Æ and O, that is, the four poles in question 
are the points F, F, e, e’. Similarly, the four poles of the line FO, with respect to 
the cubic, are the points Æ, E, f, f'. 


The line ZF, that is, any line joining two conjugate poles of the cubic, is a tangent 
to the Pippian, and the point of contact T is the harmonic with respect to the points 
E, F (which are points on the Hessian) of G, the third point of intersection with 
the Hessian. Conversely, any tangent of the Pippian meets the Hessian in three 
points, two of which are conjugate poles of the cubic, and the point of contact is the 
harmonic, with respect to these two points, of the third point of intersection with 
the Hessian. 


The line GO in the figure is of course also a tangent of the Pippian, and more- 
over the lines FBA, FDC (that is, the pair of~lines which are the first or conic polar 
of ŒE) and the lines HCA, EDB (that is, the pair of lines which are the first or 
conic polar of F) are also tangents to the Pippian. The point Æ represents any 
point of the Hessian, and the three tangents through Æ to the Pippian are the line HFG 
and the lines HCA, EDB; the line HFG is the line joining Æ with the conjugate 
pole F, and the lines HCA, HDB are the first or conic polar of this conjugate pole 
F with respect to the cubic. The figure shows that the line HO (the tangent to 
the Hessian at the point #) and the before-mentioned three lines (the tangents 
through Æ to the Pippian), are harmonically related, viz. the line HO the tangent of 
the Hessian, and the line HF one of the tangents to the Pippian, are harmonics 
with respect to the other two tangents to the Pippian. It is obvious that the 
tangents to the Pippian through the point F are in like manner the line GFE, and 
the pair of lines FBA, FBC, and that these lines are harmonically related to FO the 
tangent at F of the Hessian. And similarly, the tangents to the Pippian through 
the point O are the line GO and the lines AOD, BOC, and the tangents to the 
Pippian through the point G are the line GO and the lines GFE and Gy’efe’. Thus 
all the lines of the figure are tangents to the Pippian except the lines HO, FO, 
which are tangents to the Hessian. It may be added, that the lineo-polar envelope 
of the line ÆF with respect to the cubic is the pair of lines OF, OF. 
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It will be presently seen that the analytical theory leads to the consideration of 
a line IJ (not represented in the figure): the line in question is the polar of Æ 
(or F) with respect to the conic which is the first or conic polar of F (or E) with 
respect to any syzygetic cubic. The line JJ is a tangent of the Pippian, and more- 
over the lines EF and JJ are conjugate polars of a curve of the third class 
syzygetically connected with the Pippian and Quippian, and which is moreover such 
that its Hessian is the Pippian. 


Article Nos. 3 to 19.—Analytical investigations, comprising the proof of the 
theorems, Article No. 2. 


3. The analytical theory possesses considerable interest. Take as the equation of 
the cubic, 
U= &@ +y + 2° + 6layz =0; 
then the equation of the Hessian is 
HU =P (a +4 + 2) — (1 + 21°) ayz =0; 


and the equation of the Pippian in line coordinates (that is, the equation which 
expresses that a+ ny+€z=0 is a tangent of the curve) is 


PU=—1(E + 73 + &) + (—1 +4 41°) Eno = 0. 
The equation of the Quippian in line coordinates is 

QU = (1 — 100) (& + n° + 6) — 6? (5 + 41%) Eng =0; 
and the values of the two invariants of the cubic form are 

=—l+ l, 
T = 1 — 20} — 8l, 
values which give identically, 
j Te — 64® = (1 + 8/*); 


the last-mentioned function being in fact the discriminant. 


4. Suppose now that (X, Y, Z) are the coordinates of the point Æ, and 
(X’, Y, Z^) the coordinates of the point F; then the equations which express that 
these points are conjugate poles of the cubic, are 


XX’+1(YZ + YZ) =0, 
YY’ +1(ZX' + 7X) =0, 
ZZ +1(XY + X'Y)=0; 
and by eliminating from these equations, first (X’, Y’, Z), and then (X, Y, Z), we find 
P(X: + V%+Z%) -—(14+20) XYZ =0, 
2(X%+ Y’ + Z*) —(1 + 20*) X’Y’Z’ =0, 
which shows that the points Æ. F are each of them points of the Hessian. 
C. II. 49 
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5. I may notice, in passing, that the preceding equations give rise to a somewhat 
singular unsymmetrical quadratic transformation of a cubic form. In fact, the second 
and third equations give X’: Y : Z=YZ—PX?: PXY—IZ? : PZX—1Y* And sub- 
stituting these values for X’, Y’, Z’ in the form 

2 (X+ Y%4 Z’) —(1 + 20) X’Y'Z, 
the result must contain as a factor 
P(X? + Y?+ Z*)— (14+ 22) XYZ; 
the other factor is easily found to be 
—B(P(X*+ V8+ 2)+31X YZ). 
Several of the formule given in the sequel conduct in like manner to unsymmetrical 
transformations of a cubic form. 


6. I remark also, that the last-mentioned system of equations gives, symmetrically, 
ae ee Oe ee A AY 
= YZ- PX? : ZX—PY?: XY—PZ? : PYZ—1IX? : PZX—1Y? : PXY—-12P; 
and it is, I think, worth showing how, by means of these relations, we pass from 
the equation between X’, Y’, Z to that between X, Y, Z. In fact, representing, for 
shortness, the foregoing relations by 
Ayes Bee Pe: AA ae eat B EO Toe fa, 
we may write 
X’=AF=GH, Y =BG= HF, Z=CH=FG, ABC=FGH; 
and thence 
X»= AF ŒH, Y°=BG.PP, 2=CH. PE XYZ = PCH; 
hence \ 
L (X"+ Y° Z)—(14 2) XYZ = FGH {l (AGH +BHF + CFG) —(1 +20) FGH}. 
But we have 
P (AGH + BHF + OFG) = — (215 + 18) (X°? + Y° + 2°) X YZ + (Ñ+ 20) (Y2 + ZX: + XY’), 
— (1 + 22) FGH = (b+ 298) (X?+ Y+ Z?) XYZ+ (L +27) (YZ + ZX: + XY’) 
+L (1—6) (1 + 20) V2; 
and thence 
(AGH + BHF + CFG) —(1 + 20°) FGH 
=—8(1—P) {L (X$+ V4 2%) XYZ- (1+ 21%) XYZ}; 
and finally, 
(X"+ Y° + Z%)— (1428) XYZ = (—14+l) (IYZ—X?) (IZX — Y>) (IXY - 2) XVZ 
x [L (X: + Y’ + Z*) — (1 + 20°) X YZ) 
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We have also, identically, 

ABO — FGH => (—14+) XYZ {P (X*+ Y°4 Z)- (1 +20) XYZ), 
which agrees with the relation ABC — FGH =0. 


7. Before going further, it will be convenient to investigate certain relations 
which exist between the quantities (X, Y, Z), (X’, Y, Z), connected as before by 
the -equations 


XX’ +1(¥7 +¥'Z) =0, 
YY) +1(2X' + PX)=0, 
2H + U(X’ + XY) =0, 


and the quantities 


g=Y2'- YZ, a= XX' =- (YZ + YZ), 
Ta DTE B=YY =-} (ZX +ZX), 
AP YE y=Z2' =-} Y+ XY) 


We have identically, 
2XX' (YZ — YZ) + (XY + X'Y)(ZX' — ZX) + (ZX' +2ZxX)(XY -X'Y)=0; 


or expressing in terms of & n, & a, B, y the quantities which enter into this 
equation, and forming the analogous equations, we have 


QlaE— yn— BE=0, (A) 
—yE+21Bn- af=0, 
—BE— an + 2lyE=0. 


We have also 
XYZ — X°VZ =4{— (XY + XY) (ZX - 7X) 4+ (ZX + ZX) (XY — X’Y)}, 


and thence in like manner, 
XYZ! — X*YZ => (yn —B0) (B) 
Y:Z'X' — ZX = > (at saht, 
ZX'Y — XYZ = 5 (BE — an). 
Again, we have 
(YZ — YZY =(YZ + VZ)—4YV'ZZ, 


(ZX' —7X)(XV EEY s AAEN A (YZ + TB); 
49—2 
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and thence 


and conversely 
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1 

= ne — 4By, 
1 

n’ = pe — tya, 
1 2 

C= pI — Aub, 
2 1 

Uae a — p Êy, 
2 $ 

a Ad O 5 7%, 


2 1 
fea 7 258; 


He +8P)2@ = £—A4lné, 
5 (1+ 8h) B= at Alte 
ae +8) y = E 4PEn, 
R ia + 8°) By =21+ nf, 
$ 5c + 8P) ya =2ly? + GE, 


~ 5 (148) 8 = 21+ Ep, 


8. It is obvious that 


fa + ny + fz =0 


[146 


(C) 


(D) 


is the equation of the line HF joining the two conjugate poles, and it may be 


shown that 


ax + By +yz2=0 


is the equation of the line JJ, which is the polar of Æ with respect to a conic 
which is the first or conic polar of F with respect to any syzygetic cubic. In fact, 
the equation of a syzygetic cubic will be a +y%+2°+ 6Avyz=0, where à is arbitrary, 
and the equation of the line in question is 


or developing, 


(Xoz + Yo, + 202) (Xor + YOy a Zz) (a + y? +2? 6rwyz) =0 ; 


XX'a+ YY'y+ ZZ'z 
+A {YZ + Y'Z)æ+(ZX'+Z'X)y+(XY + X'Y)2}=0; 
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and the function on the left-hand side is 


(1 -7) (ax + By + Y2), 


which proves the theorem. 


9. The equations (A) by the elimination of (E, n, ©), give 
—l(@ + 6? + »*)+(—1+4+ 40) aBy = O, 
which shows that the line ZJ is a tangent of the Pippian: the proof of the theorem 


is given in this place because the relation just obtained between a, 8, y is required 
for the proof of some of the other theorems, 


10. To find the coordinates of the point G in which the line HF joining two 
conjugate poles again meets the Hessian. 
We may take for the coordinates of G, 


uX +vX’, uY+vY’, uZt+rZ’; 

and, substituting in the equation of the Hessian, the terms containing u’, v* disappear, 
and the ratio w:v is determined by a simple equation. It thus appears that -we 
may write 

w= —3P(XX24 YY? +422") 4+ (1420) (Y'ZX+ZX'Y + XYZ), 

v= 8 (X2X’+ Y*¥’+ 2:7’) — (14+ 20°) (YZX'+ ZXY’ + XYZ); 
hence introducing, as before, the quantities £, n, ¢ a, B, y, we find 

uX +X’ = 8P (yn — BE) + (1 +27) (XYZ — XYZ); 

but from the first of the equations (B), 


XYZ! — XYZ = 3 (yn a BS), 


and therefore the preceding value of uX + vX’ becomes 


(aie — +22) om — Bb), 


which is equal to 


—1+4+ 4/2 
= (vn - BE). 


Hence throwing out the constant factor, we find, for the coordinates of the point G, 
the values 7 


al are BE, al — yé, poe an. 
11. To find the coordinates of the point O. 


Consider O as the point of intersection of the tangents to the Hessian at the 
points Æ, F, then the coordinates of O are proportional to the terms of 


SPX —14+2BYZ, 32Y? -14+2hZX , 3hZ? -1+2BXY | 


8PX2—14+28Y'7’, 8PY2—-1+2hZ7'X’, 3272-1 + 2BX’Y’ 
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Hence the z-coordinate is proportional to 
(82 Y? — 1 + 22ZX) (8PZ2 —1+ W XY) —(8PZ? ~14+ 2PXYV) 8b VY? -I+ X’), 
which is equal to 
9l (Y?Z? — Y°Z*) +. 83L (14+ 228) VY’ (XY — X’Y) 4+ 32 (1 + 20) ZZ’ (ZX’ — ZX) 
—(1+ 22) XX’ (YZ — Y’Z); 
or introducing, as before, the quantities £, n, § a, B, y, to 
— 9aF + 3L (1 + 21%) (BE+ yn) —(1 + 228) a£, 
=(— 1 — 13808 — 40°) ag + 22 (1 + 20°) (BE + yn). 


But by the first of the equations (A) B&+yn=2laé, and the preceding value thus 
becomes (—1— 7+ 8/*)a& Hence throwing out the constant factor the coordinates of 


the point O are found to be 
ak, Bn, Y% 


12. The points G, O are conjugate poles of the cubic. 


Take a, b, c for the coordinates of G, and a’, b’, c’ for the coordinates of O, we have 
a, b, C = yn PI pE ağ — yé, BE — a, 
a’, b, ¢ = aft , Bn , yf. 
These values give aa’ +1 (be’ + b'c) 
= a£ (yn — BC) + l {Bn (BE — an) + YE (aS — y&)} 
= Ën (ay + UB?) + a? (— lap) + £ (lay) + EE (— aß — ly"); 


or substituting for En, n?, °, EÇ their values in terms of a, 8, y, this is 
2 1 
(- 5% — pab) (ay +18" 

+( ee — Aya) ( — laß) 
y? 

+( É = 408)( lay) 
2 1 

+(-3e-7a) (- a8 h, 


which is identically equal to zero. Hence, completing the system, we find 
aa’ +1 (be + b'c) = 0, 
bb’ +-1(ca’ + ca) = 0, 
ce’ +l(ab +ab)=0, 


equations which show that O (as well as @) is a point of the Hessian, and that the 
points G, O are corresponding poles of the cubic. 
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13. The line HF joining a pair of conjugate poles of the cubic is a tangent of 
the Pippian?. 


In fact, the equations (A), by the elimination of a, 8, y, give 


—b(F + 9 +0) +(— 1+ 40) E = 0, 
which proves the theorem. 


14. To find the equation of the pair of lines through F, and to show that these 
lines are tangents of the Pippian. 


The equation of the pair of lines considered as the first or conic polar of the 
conjugate pole Æ, is 
X (æ + Qlyz) + Y (y? + 2lzæ) + Z (2 + 2ay) = 0. 
Let one of the lines be 
Aa + py + ve = 0, 
then the other is 


Seip ok 42420; 
A PRA “he Oe, 


and we find 
AX uv- Yv- Zy?=0, 
— Xv+2Yrx—-— ZN =0, 
— Xw— YX + UZ =0, 
any two of which determine the ratios ^, u, v. 
The elimination of X, Y, Z gives 
luv, =, — æ |=0, 
—-v, 2wr, -NX 
EEN p’ m M, 2u 
which is equivalent to 
| Auv {LN + p + v®) + (—1 + 40) Apr} =0; 
or, omitting a factor, to 
L(A + p+ v*)+(—-14+ 40) Apr = 0, 


which shows that the line in question is a tangent of the Pippian. 


15. To find the equation of the pair of lines through O. 
The equation of the pair of lines through Æ is in like manner 


X’ (æ+ Qlyz) + Y (y + Qlzx) + Z' (2? + Qlaey) =0; 


? Steiner’s curve Rọ in the particular case of a cubic basis-curve, is according to definition the envelope 
of the line EF, that is, the curve R, in the particular case in question is the Pippian. 
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and combining this with the foregoing equation, 
X (a? + 2lyz) + Y (Y + 2lzx) + Z (2 + ley) = 0 
of the pair of lines through F, viz. multiplying the two equations by 
XOX’ + YY +Z, (XX+ VY" + ZZ"), 
and adding, then if as before 
a:b: c=m—BE : af —yẸ : BE-an, 
we find as the equation of a conic passing through the points A, B, C, D, the equation 
a (a? + 2lyz) +b (y? + 2lza) + ¢ (2 + lay) = 0. 
But putting, as before, 
a’: & : eo = ak : Bn : yg, 
then a’, b’, c’ are the coordinates of the point O, and the equations 
aa’ +1 (be’ + b’c) = 0, 
bb’ + L(ca’+ c'a) =0, 
‘oo’ +1(ab’ +a'b) =0, 
show that the conic in question is in fact the pair of lines through the point O. 
16. To find the coordinates of the point T, which is the harmonic of @ with 
respect to the points Ẹ, F. 
The coordinates of the point in question are _ 
uX —vX’, uY—vY’, uZ—vZ, 
where u, v have the values given in No. 10, viz. 
u=—8P(XX24+ YY” + ZZ") + (14+ 2) (V’7/X + ZX'V + XYZ), \ 
v= 82 (X2X’+ YY’ + ZZ)-—(1+20)(YZX' +ZXY' + XYZ); 
these values give 
uX —vX’ = — 3l {2X2X"? + (XY + XY) YY’ + (XZ + XZ) ZZ’ 
+(1 + 21%) (XY + XV) (XZ + XZ) + XX’ (YZ + Y'Z} ; 


and therefore 
uX —X’=—8P faw — 7 Br} + (1 + 20) {ay — s a 
= (1+8) (~ lat + By); 


and consequently, omitting the constant factor, the coordinates of T may be taken to be 


—la+ By, — Ip? + ya, — ly + ap. 
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17. The line through two consecutive positions of the point [ is the line EF. 
The coordinates of the point I’ are 
— læ +By, —IB?+ya, —ly?+ a8; 
and it has been shown that the quantities a, B, y satisfy the equation 
—1 (a+ 6? +y) +(—1+4 41°) aby = 0. 


Hence, considering a, 8, y as variable parameters connected by this equation, the 
equation of the line through two consecutive positions of the point T is 


| — 3læ + (—1+4 40°) By, —316?+(—-14+42)ya, —3ly+(—1+4 41) a8 | =0; 


a, — Zila li y j B 
Y, y : — 218 ; a 
Iiz. B ; a h — 2ly 


and representing this equation by 
Læ + My +Nz=0, 
we find 
L= (4PBy-— æ)(— 3la? + (— 1+ 41°) By) 
+ (aB-+ Qlry?) (— 31B + (— 1 + 41°) ya) 
+ (ay + 218?) (— 3ly? + (— 1+ 40) a8) ; 
or, multiplying out and collecting, 
L = 3lat + (— 1 — 89) aBy + (— 51 + 814) (aß + ay?) + (— 162? + 1605) Ben? ; 
but the equation 
— 1 (a? +++ y) + (—1 + 41°) aBy = 0 
gives 
3lat = — 31 (a? + ay’) + (— 3 + 127) aBy, 
and we have 
L=(—4+4+ 40) By + (— 81 + 81) (ap + ay’) + (— 167 + 162) Bey? 
=(— 4 + 41?) (By + 21 (a8? + ary’) + 41°B%’) 
= (— 4+ 41°) (ay + 218?) (a8 + 2ly*) ; 
or, in virtue of the equations (D), 
L=(— 4+ 40) P&E. PEn =(— 4 + 40) BEng = (— 4+ 40) MENS. E. 


Hence, omitting the common factor, we find L: M: N=¢Ẹ : n : & and the equation 
La+ My +Nz=0 becomes 


fx + ny +f =0, 
©. II 50 
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which is the equation of the line ZF, that is, the line through two consecutive positions 
of I is the line EF; or what is the same thing, the line ZF touches the Pippian 
in the point I’ which is the harmonic of G with respect to the points Z, F. 


18. The lineo-polar envelope of the line ZF, with respect to the cubic, is the 
pair of lines OF, OF. 


The equation of the pair of iines OH, OF, considered as the tangents to the 
Hessian at the points ZL, F, is 


(3X? —1+ 2Y Z a+ (SPY? —1+20ZX )y + (BPZ —1 + 2X Y ) 2} ) 


= 0. 
x {(8PX? — IFY) a + (3P Y —14+207'X")y + (8PZ* — IF 2PX Y’) z) ) 


Here on the left-hand side the coefficient of æ? is 
9X X2 — BP (1 + 20) (X?Y'Z’ + X YZ) + (1+ 2h) VY'ZZ, 
which is equal to 
lta? — 3I (1 + 218) (By +7 £) + (1 + 2) By, 
that is . 
1 (= 1+4) (Blat+ 2(1 + 2) By}; 
and the coefficient of yz is 
9l (Y2Z"? + YZ) — 312 (1 + 20°) (YY’ (XY + X’Y) + ZZ (XZ + X’2)) 
+(1 + 20)? XX’ (YZ + Y'Z), 


which is equal to 
gl (7 a — 28y) — 3P (1 + 2h) (-787)+a + 218) a (-74), 
that is 
FELL) (1—4) æ — 61284). 


Hence completing the system and throwing out the constant factor, the equation of 
the pair of lines is 


(Bla? +2 (1 +20) By, 816° +2(1+ 2) ya, Bly? + 2 (1+ 2W) a8, 
(1-4) a? —61By, (1-42) B G6lya, (1-46) y — 6PaBYa, y, z} = 0. 


But the equation of the line HF is æ+ ny + ¢z=0, and the equation of its lineo-polar 
envelope is 


E, 1, § |=0; 
By ig Ay 
| q, lz; y, le 
OE Re ee 
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or expanding, 
(yz—Pa?, zeo—Py, vy—Pa, Pyz—la, Pew— ly, Poy —leyé, n, EP =0; 
or arranging in powers of æ, y, 2, 
(—PE 2ng, -bpe -bE 2k, ELMS petete FOL PEnTo, y, 2} =0: 


and if in this equation we replace &, &c. by their values in terms of a, $, y, as 
given by the equations (D), we obtain the equation given as that of the pair of lines 
OE, OF. 


19. It remains to prove the theorem with respect to the connexion of the lines 
EF, IJ. 


The equations (A) show that the two lines 
Ea +ny + oe=0, 
ax + By + z= 0, 


(where E, , € and a, 8, y have the values before attributed to them) are conjugate 
polars with respect to the curve of the third class, 


L(& + 4° + 6°) SEn = 0, 


in which equation & n, € denote current line coordinates. The curve in question is of 
the form APU +BQU=0. We have, in fact, identically, 


37.PU-—48.QU=(1+ 8B} {l (E + n? + &) — 3&nf}. 
It is clear that the curve in question must have the curve PU=0 for its Hessian ; 
and in fact, in the formula of my Third Memoir, [144] 
H (6aPU + BQU) = (— 2T, 48S?, 1878, 7?+ 16S*Ya, BY PU 

+( 8S, 7, -88, -TS a, BQU, 

the coefficient of QU is 
(8Sa+ TB) (æ — SB?) ; 
and therefore, putting a= 4T, 8B =—4S, we find 
| H(3T.PU—48. QU) =—} (12-648) PU. 


Article No. 20.—TZheorem relating to the curve of the third class, mentioned in the 
preceding Article. 


20. The consideration of the curve 387.PU—4S.QU=0, gives rise to another 
geometrical theorem. Suppose that the line (&, 7, €), that is, the line whose equation 
is fe+ny+z=0, is with respect to this curve of the third class one of the four 
polars of a point (X, Y, Z) of the Hessian, and that it is required to find the envelope 
of the line a+ ny + ¢z=0. 

50—2 
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We have 
Xi V: Galp—ng : bp —o 1 lO ky 
and X, Y, Z are to be eliminated from these equations, and the equation 
2? (X:+ Ye +2- (1 + 20) XYZ=0 
of the Hessian. We have 
X:+ Y+ B(E+73+ 
— 32 (E+ n+ ©) Ent 
+910 Ene 
— (1 ESOR ET TET) 
XYZ= 1(E 49+ t) Eng 
UE ad! AA i 
-PPE + EEH EN), 
and thence 
HU= P (Ptn + OY 
(+ SE) (E+ E &) Eng 
+(1 + 100 — 21%) Eng? ; 


and equating the right-hand side to zero, we have the equation in line coordinates of 
the curve in question, which is therefore a curve of the sixth class in quadratic 


syzygy with the Pippian and Quippian. 


Article No. 21.—Geometrical definition of the Quippian. 


21. I have not succeeded in obtaining any good geometrical definition of the 
Quippian, and the following is only given for want of something better. 


The curve 
T. PU {P6H (aU + 6BHU)} —P(6HU) {TU + 6BHU).P (aU + 68HU)} =0, 


which is derived in what may be taken to be a known manner from the cubic, is in 
general a curve of the sixth class. But if the syzygetic cubic aU+68HU=0 be 
properly selected, viz. if this curve be such that its Hessian breaks up into three 
lines, then both the Pippian of the cubic aU+68HU=0, and the Pippian of its 
Hessian will break up into the same three points, which will be a portion of the 
curve of the sixth class, and discarding these three points the curve will sink down 
to one of the third class, and will in fact be the Quippian of the cubic. 


To show this we may take 
aU + 6BHU =£ +y +, =0 
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as the equation of the syzygetic cubic satisfying the prescribed condition, for this value 
in fact gives 


H (aU + 68HU) = — «xyz, =0, 
a system of three lines. We find, moreover, 
P (aU + 6BHU) =P (e+ y? +2), =— Eng 
and 
P {6H (aU + 6BHU)} =P (— 6ayz), =— 4&nf, 
the latter equation being obtained by first neglecting all but the highest power of / in 


the expression of PU, and then writing J=—1: we have also 7(aU+68HU)=1. 
Substituting the above values, the curve of the sixth class is 


ént {— 47. PU +P (6HU)} =0; 
or throwing out the factor &f, we have the curve of the third class, 
—47,PU+P (6HU)=0. 
Now the general expression in my Third Memoir, viz. 
P (aU + 68HUV) = (a + 12848? + 4778) PU + (B — 486°) QU, 
putting a=0, B=1, gives 
P(6HU) =4T.PU—48. QU, 
or what is the same thing, 
—47.PU+ P(6HU)=—48.QU; 


and the curve of the third class is therefore the Quippian QU=0. It may be remarked, 
that for a cubic U=0 the Hessian of which breaks up into three lines, the above 
investigation shows that we have PU=— &nf, P(6HU)=—4€&nf, and T=1, and conse- 
quently that —47.PU+P(6HU) ought to vanish identically; this in fact happens in 
virtue of the factor S on the right-hand side, the invariant S of a cubic of the form 
in question being equal to zero; the appearance of the factor S on the right-hand 
side is thus accounted for à priori. 


Article No. 22.—Theorem relating to a line which meets three given conics in sia points in 
involution. 


22. The envelope of a line which meets three given conics, the first or conic 
polars of any three points with respect to the cubic, in six points in involution, is 
the Pippian. 


It is readily seen that if the theorem is true with respect to the three conics, 
dU _ dU _ dU 


dæ 0, Jaai, dni. 


0, 
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it is true with respect to any three conics whatever of the form 


dU. du, dvu_ 


Rage? iy eer ae 


that is, with respect to any three conics, each of them the first or conic polar of 
some point (A, m, v) with respect to the cubic. Considering then these three conics, 
take £x +ny + ķz=0 as the equation of the line, and let (X, Y, Z) be the coordinates 
of a point of intersection with the first conic, we have 

EX +Y + €Z=0, 

KERALA aed Ie 
and combining with these a linear equation 

aX+BY+7Z=0, 
` in which (a, £, y) are arbitrary quantities, we have 

A VY: Z=yn-BE: a€—y& : BE-an; 
and hence 
(yn — BE) + 21 (ag — yE) (BE — an) = 0, 


an equation in (a, 8, y) which is in fact the equation in line coordinates of the two 
points of intersection with the first conic. Developing and forming the analogous 
equations, we find 


EE E ERY PE E i, Aa eh eile: AC the reptile las gh =o; 
(gah, Pinup emt ape op ee an dah Ene” a, 8, leary 
( y , fa , — 2lEn, IgE , Iné , — én — lẹ ýa, B, yy =9, 


which are respectively the equations in line coordinates of the three pairs of intersections. 


Now combining these equations with the equation y=0, we have the equations 
of the pairs of lines joining the points of intersection with the point (2=0, y=0), and 
if the six points are in involution, the six lines must also be in involution, or the 
condition for the involution of the six points is 


me E E =0, 
E , —21&, = Inf, 
pee Pee Tag. fy 
that. is, 
ALEEN (— En — 16%) + US? + LEC? + 2PE PC? + 2E°C? + E (— En — 10) = 0; 
or, reducing and throwing out the factor ¢*, we find 
—U(E+ a + 2) + (—1+ 40) Ent = 0, 


which shows that the line in question is a tangent of the Pippian. 
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It is to be remarked that any three conics whatever may be considered as the 
first or conic polars of three properly selected points with respect to a properly selected 
cubic curve. The theorem applies therefore to any three conics whatever, but in this 
case the cubic curve is not given, and the Pippian therefore stands merely for a curve 
of the third class, and the theorem is as follows, viz. the envelope of a line which 
meets any three conics in six points in involution, is a curve of the third class, 


Article No. 23.—Completion of the theory in Liouville, and comparison with analogous 
theorems of HESSE. - 


In order to convert the foregoing theorem into its reciprocal, we must replace the 
cubic U=0 by a curve of the third class, that is we must consider the coordinates 
which enter into the equation as line coordinates; and it of course follows that the 
coordinates which enter into the equation PU=0 must be considered as point 
coordinates, that is we must consider the Pippian as a curve of the third order: we 
have thus the theorem; The locus of a point such that the tangents drawn from it 
to three given conics (the first or conic poles of any three lines with respect to a 
curve of the third class) form a pencil in involution, is the Pippian considered as a 
curve of the third order. This in fact completes the fundamental theorem in my 
memoirs in Liouville above referred to, and establishes the analogy with Hesse’s results 


in relation to the Hessian; to show this I set out the two series of theorems as 
follows : 


Hesse, in his memoirs On Curves of the Third Order and Curves of the Third 
Class, Crelle, tt. XXVIII. XXXVI. and XXXVIII. [1844, 1848, 1849], has shown as follows : 


(a) The locus of a point such that its polars with respect to the three conics 
X=0, Y=0, Z=0 (or more generally its polars with respect to all the conics of the 
series AX +uY+vZ=0) meet in a point, is a curve of the third order V =0. 


(8) Conversely, given a curve of the third order V=0, there exists a series of 
conics such that the polars with respect to all the conics of any point whatever of 
the curve V=0, meet in a point. 


(y) The equation of any one of the conics in question is 


dU. aU aU 
AÀ ada Si H dy Ty ‘as = 0, 
that is, the conic is the first or conic polar of a point (A, mw, v) with respect to a 
certain curve of the third order U=0; and this curve is determined by the condition 
that its Hessian is the given curve V=0, that is, we have V= HU. 


(6) The equation V= HU is solved by assuming U =aV +bHV, for we have then 
H («uV +bHV)= AV + BHV, where A, B are given cubic functions of a, b, and thence 
V=HU=AFV + BHV, or A=1, B=0; the latter equation gives what is alone important, 
the ratio a:b; and it thus appears that there are three distinct. series of conics, 
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each of them having the above-mentioned relation to the given curve of the third 
order V=O. 


In the memoirs in rouville above referred to, I have in effect shown that— 


(a) The locus of a point such that the tangents from it to three conics, repre- 
sented in line coordinates by the equations X =0, Y=0, Z=0 (or more generally with 
respect to any three conics of the series AX + uY +vZ=0) form a pencil in involution, 
is a curve of the third order V=0. 


(8’) Conversely, given a curve of the third order V=0O, there exists a series of 
conics such that the tangents from any point whatever of the curve to any three of 
the conics, form a pencil in involution. 


Now, considering the coordinates which enter into the equation of the Pippian as 
point coordinates, and consequently the Pippian as a curve of the third order, I am 
able to add as follows: 


(y’) The equation in line coordinates of any one of the conics in question is 


dU dU aU 


0, 

that is, the conic is the first or conic polar of a line (A, mw, v) with respect to a 
certain curve of the third class U=0; and this curve is determined by the condition 
that its Pippian is the given curve of the third order V=0, that is, we have 
V=PU. 


(ô) The equation V = PU is solved by assuming U=aPV+bQV, for we have 
then P(aPV+6QV)=AV+BHV, where A and B are given cubic functions of a, b; 
and thence V=PU=AV+BHY, or A=1, B=0; the latter equation gives what is 
alone important, the ratio a:b; and it thus appears that there are three distinct 
curves of the third class U=0, and therefore (what řndeed is shown in the Memoirs 
in Liouville) three distinct series of conics having the above-méntioned relation to the 
given curve of the third order V=0. 


It is hardly necessary to remark that the preceding theorems, although precisely 
analogous to those of Hesse, are entirely distinct theorems, that is the two series are 
not connected together by any relation of reciprocity. 


Article Nos. 24 to 28—Various investigations and theorems. 


24. Reverting to the theorem (No. 18), that the lineo-polar envelope of the line 
EF is the pair of lines OF, OF; the line HF is any tangent of the Pippian, hence 
the theorem includes the following one: 
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The lineo-polar envelope with respect to the cubic, of any tangent of the Pippian, 
is a pair of lines. 


And conversely, 


The Pippian is the envelope of a line such that the lineo-polar envelope of the 
line with respect to the cubic is a pair of lines. 


It is I think worth while to give an independent proof. It has been shown that 
the equation of the lineo-polar envelope with respect to the cubic, of the line 
Ex + ny + Ez =0 (where E, n, € are arbitrary quantities), is 


CPE- Ant, -P-t -PP-A AE+M ns I+ IO+PEDTe, y, @=0; 


and representing this equation by 
(a, b, c, f, g, hYe, y, z} =0, 
we find 
be — f? = E (— & + 8l? + 8PE + 12PEn6), 
ca — g =n (8PE— n+ SPE + 12E), 
ab — h = E (BLE + 8l'n? — E +12PENE), 


gh — af = Ẹ (21° (E + 9° + 6°) + 4l (1 + 20) Eng) + (1 + 86) 9°63, 
hf — bg = n (2P (E + n? + £) + 4l (1 + 20) Eb) + (1 + 81) 6E, 
Sg —ch=& (21° (E + n° + £8) + 41 (1 + 20) Eng) + (1 + 81°) En’; 
and after all reductions, 
abe — af? — bg? — ch? + 2fgh 
=[ Ent &)+(-1+ 40) Ent] = (PUY, 


or the condition in order that the conic may break up into a pair of lines is PU=0. 


25. The following formule are given in connexion with the foregoing investigation, 
but I have not particularly considered their geometrical signification. The lineo-polar 
envelope of an arbitrary line éx +ny+z=0, with respect to the cubic 

 @ +y? +2 + blayz =0, 
has been represented by 
(a,b, ¢, f, g, hia yore = 0s 
and if in like manner we represent the lineo-polar envelope of the same line, with 
respect to a syzygetic cubic 
B+ yY? + 2° + 6l’ayz = 0, 
by 
(a’, Wc, f, g, h Qa, y, z} =9, 
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then we have 
a’ (be — f?) +b (ca — 9?) +c (ab — h?) + 2f" (gh — af) + 2g' (hf — bg) + 2k (fg — ch) 
a (U? + 2) (E+ 4° + 
+ (2V + 41 — 8201’ + 814) (E + n° + &) Eng 
+ (2411? + 48147 — 7200 + 240 + 3) Eyl, 


which may be verified by writing (=l, in which case the right-hand side becomes as 


it should do, 3(PU)y. If V=- : = a , that is, if the syzygetic cubic be the Hessian, 
then the formula becomes 
a! (be — f’) + &e. = an ( A + 4 + 760°) (G+ 9 + OY | 
+12 (— 1 + 262 + 560) (+ n° +) Ene | 
(+120 (2 + 57? + 168% + 162°) Eni? 


which is equal to 


ne fqv- 248. PU 


26. The equation 
(be + b'c— 2ff’,... gh’ +g'h- af —a’f,...& n SP =9 


is the equation in line coordinates of a conic, the envelope of the line which cuts 
harmonically the conics 


(a, 6 ¢, fi g, he, y, cP =, 
(a, U7.¢, f, ga hha y, AESA 
and if a, b, &c., a’, &c. have the values before given to them, then the coefficients 
of the equation are 
be’ + ’c — ff 
ca’ + c'a — 299’ 


\ 
E3 + AU (L+ V) (n + £8) + (16U’ — 212 — 20) Eng, 


Ge 
{— 8+ 4d’ (LV) (E + E) + (L6 — 22 — 20%) Eng, 
ab’ + a'b — 2hh’ (= E+ AU (L+ U') (E + n) + (16W — 22 — 21”) Eng, 
{ 


gk +g'h—af' — a'f= E(E+1%) (E +n + E) + (21 + W + Bil?) Eng} + (1+ 4 (l+ t)) nE, 
hf + Wf — bg — b'g =n (P +1) (+ 9 + £8) + (21+ QU + 80) Enb) + (L + All 0+0) OE, 
So +h9 — ch’ — c'h = (L +V) (E +n + £3) + (20+ W 4 81) Eng) + (1+4 (0+) En: 
and we thence obtain 
(be + b’c — 2ff,.., gk +g'h-af' —a'f,.. XE, n, SY = 
AE ++ 0)? 
+( P+ U4 161’) (E+ + &) Eng 
— + (6146 42401) En? 
+ (4 HLEV +U) (m°S? + EE + En’), = 0 


=E 
=7 
E 
E 
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as the condition which expresses that a line æ +ny + ķ¢z=0 cuts harmonically its 
lineo-polar envelopes with respect to the cubic and with respect to a syzygetic cubic. 


27. To find the locus of a point such that its second or line polar with respect 
to the cubic may be a tangent of the Pippian. Let the coordinates of the point be 
(æ, y, z); then if &+my+€z=0 be the equation of the polar, we have 


E : q : =æ + 2lyz : y+ Qlew : 2+ Alay, 
and the line in question being a tangent to the Pippian, 
-U(E +n +E) +(-1+ 4) Eng= 0. 
But the preceding values give 
E+N + E= LH t+ PYH 6l a Hy + 2) awy B6LLY?2 + ( — 2 + 81°) (Y2 + 28a? + ay’) 
fat = 42 (a +y? + 2) wyz + (1 + 80) y? + 20 (YPE + P + ay); 
and we have therefore 
l (a + y + 2°)? + (102? — 160°) (2 + y + 2) eyz + (1 + 402 — 321°) eye = 0 ; 
or introducing U, HU in place of æ +y? +2, xyz, the equation becomes 
—S. U?+(HU)=0, 


which is the equation of the locus in question. 


28. The locus of a point such that its second or line polar with respect to the 
cubic is a tangent of the Quippian, is found in like manner by substituting the last- 
mentioned values of £, 7, € in the equation 


QU = (1 — 10%) (& +n? + &) — 62 (5 + 40°) Eng. 
We find as the equation of the locus, 


(1 — 10%) (æ + y? + 28 + 61 (1 — 30} — 16%) (æ + y? + 2) syz + 6P (1 — 104} — 321°) a*y?2" 
— 2 (1 + 88) (PPE + Pæ + ay’) = 0, 
where the function on the left-hand side is the octicovariant ©,U of my Third 


Memoir, the covariant having been in fact defined so as to satisfy the condition in 
question. And I have given in the memoir the following expression for © „U, viz. 


© U=(1—-162 — 61) U? 
+ (61 )U.HU 
+ (6P VUY 
— 2 (1 + 82) (ye + x + ay’). 


www.rcin.org.pl 


404 A MEMOIR ON CURVES OF THE THIRD ORDER. [146 


Article Nos. 29 to 31.—Formule for the intersection of a cubic curve and a line. 


29. If the line &e€+ny+z=0 meet the cubic 
a + y? + 6layz = 0 
in the points 
(4, Yi, 21), (Las Yas 22), (Hs, Ys, 2s); 
then we have 
DLs > PYY > Bley = — OP: — EB : Ey? 
It will be convenient to represent the equation of the cubic by the abbreviated 
notation (1, 1, 1, fæ, y, z)®=0; we have the two equations 
(1,4, 1, Ya,\y; 2¥ =0, 
Ex + ny + & =0; 
and if to these we join a linear equation with arbitrary coefficients, 
aw + By +yz=0, 
then the second and third equations give 
wry: 2=Bo-yn : yE aë : an— BE, 
and substituting these values in the first equation, we obtain the resultant of the 
system. But this resultant will also be obtained by substituting, in the third equation, 


a system of simultaneous roots of the first and second equations, and equating to 
zero the product of the functions so obtained’. We must have therefore 


CEPT i LY BE— Yn, y& — af, an — BE) = (aa, + By, + y2) (awa + BY + ¥22) (ax; + BYs + Y2); 


and equating the coefficients of a’, 8%, y’, we obtain the above-mentioned relations. 
\ 


30. Ifa tangent to the cubic 
a+ y+ 2 + 6layz = 0 
at a point (a, Yı, 21) of the cubic meet the cubic in the point (a, Ys, Zs), then 
Wy: Ys: 2= 2, (Yè — 2°) : Yi (42 — wt) : 2,( a? — yh). 
For if the equation of the tangent is &e&+my+¢z=0, then 
y's? YPE: B= m—- Os O- Bs B— 7, 
and 
E:n: E= e? + Bye, : yP+ ea, : 2+ Way. 
' This is in fact the general process of elimination given in Schlifli’s Memoir, ‘‘ Ueber die Resultant 


einer Systemes mehrerer algebraischer Gleichungen,” Vienna Trans. 1852. [But the process was employed much 
earlier, by Poisson. ] 
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These values give 
= ¢ = (y3 SA 28) (y3 + 23+ 6layy,2, — 8lm?) 
= (y? — 2°) x — (1 +88) x8, 


since (%, %, 2) is a point of the cubic; and forming in like manner the values of 
-E and &— 7, we obtain the theorem. 


31. The preceding values of (a, Ys, 2) ought to satisfy 


(ay? + ly) vs + (Yr? + Wer.) Ys + (4:2 + ley) 2 = 0, 
æ? +Y? + 257 + 6larsys25 =0; 


in fact the first equation is satisfied identically, and for the second equation we 
obtain 


xe + ys + 22 = 2; (Yè — 2°) + yè (23 wY + 23 (a, — yay 
= — x)? (o Be 23) = Y? (2° he: a?) A z? (x? res y?) 
(ao + yè + 2,°) (yè — 2°) (2 — 2°) (a? — y’), 


X3Y 323 = BY (y? = 2,8) (2? P æ?) (a3 — yr’), 


and consequently 
æ + Ya? +2 + 6lasys2Zs ze: (a? + yf + 22+ Glay) (y3 2S (2: — m’) (x3 ons Y?) = 0, 


which verifies the theorem. It is proper to add (the remark was made to me by 
Professor Sylvester) that the foregoing values 


T3 : Ys |: =X (è a 2°) Y (2 me ap) : 2, (a — Y) 
satisfy identically the relation 
as + Yè + 27 ~ w + YÈ + 2A 


BY 325 TY 2 


Article Nos. 32 to 34.—Formule for the Satellite line and point. 


32. The line &e+ny+ze=0. meets the cubic 
e+ y+ 2+ 6layz=0 
in three points, and the tangents to the cubic at these points meet the cubic in 


three points lying in a line, which has been called the Satellite line of the given line. 


To find the equation of the satellite line; suppose that (æ, Yı, %), (La, Yo, Zə), 
(a, Ys, 23) are the coordinates of the point in which the given line meets the cubic; 
then we have, as before, 


(1, 1, 1, BE- yn, yE— 48, an — BEY = (ax, + By + y2) (a2 + BY2 + Y2) (43 + BYs + Y2). 
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The equation of the three tangents is 
TI = [(@? + 2ly,z:) æ + (y? + lzm) y + (a2 + Way.) z]) = 0, 
x [(@2 + Wye.) æ + (Yo? + lza) Y + (22 + Aey) 2] + 
x [(as? + lyss) æ + (ys? + Azt) y + (2? + læs) 2] ) 
and if we put 
P= (B+ 9+ OY — 240 (& + 48 + &) Enb + (— 24d — 48/4) Fl? + (— 4 + 821) Oret + OE + En’), 
(F is the reciprocant FU of my Third Memoir), then we have identically 
F.U-— W=(&e+ny + bz? (Eat n'y + 2), 
and the equation of the satellite line is &#+7'y+z=0. In fact the geometrical 
theory shows that we must have 
F.U-NU = (x + ny + &) (Ea + n'y + &'2), 
and it is then clear that N is a mere number. To determine its value in the most 
simple manner, write 1=0, y=0, a=& z=—&, we have then F. U-NII =0, where 
B= E + nf + 08 — pl? — 208 — 26%’, U= p-e. 
The value of II is =F. U, and we thus obtain N=1. For, substituting the above 


2 


values, 
I = (mE — 2E) (a2 — 27E) (28E — 28E) 
= a Aa S 
— GF (www? + &e.) 
+ CE (mzz? + &e.) 
— £2,/2,72;', 
and we have 
Brlog = 9 — &, 
Ll + &c. = 3%, 
Lr Loe, + ic, = — 36E, 
2:0 e2s = E-n, 
and thence 
menez? + oe. = OC + OLE? (n — E°) = BOE + 66E, 
ataxia, + S60, = DEE — GEE (Et — mt) = BOE + OPEN, 
and consequently 
m= p-e 
=E. ET t) 
+ CE . 3OE (& ET) 
- pEi) 
=(P- B) (Bt of + EE — 208 — 26) 
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Now considering the equation 
F. U-I = (fx + ny + e} (Ea + n'y + £2), 
in order to find &, 7’, ¢' it will be sufficient to find the coefficients of æ’, y’, 2 in 
the function on the left-hand side of the equation. The coefficient of x in II is 
(a? + lyzi) (x2 + Ulz) (wy? + Basys) 
= LY Weeks? 
+ 21 (x,?a77525 + We.) 
+ 41? (YY + We.) 
HSP YYA; 


and it is easy to see that representing the function 


(1, 1, 1, NBE yn, yE-— at, an- BEY 
by 
(a, b, ¢, f, g, h, i,j, k, a, By) 
the symmetrical functions can be expressed in terms of the quantities a, b, &c., and 
that the preceding value of the coefficient of «è in II is 
a? 
+ 21 (9hj — 6al) 
+ 4/? (6gk — 3fj — 3hi + 31’) 
+8} be; 
and substituting for a, &c. their values, this becomes 
i ail EF 
+ 21 {— 9 (En? + lng?) (EE + 2lEn*)} 
+ Ale {— 6 (EE + Qn?) (En + UEC) 
+ 3 (né? + UCE) (GE + Uen’) 
+ 3 (En? + lng?) (E + 2ln®)} 
pS a l £7); 
and reducing, we obtain for the coefficient of « in II the following expression, 
faim CY. 
= 18) Sp 
— 24P (& + 4° + 6) Eng 
— Dal? (PEF OF + En) 
OP? (EA mag?) (3, — £7). 
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Now the coefficient of a in F. U is simply F, which is equal to 


EF + 9° + O° — i ilad e aa iai 
— 24d Epp 
— 240 (8 + 9° + &*) Eng 
— B20 (nS + EE + En’) 
— 4814 Enh; 
and subtracting, the coefficient of a in F.U -TII is 


E En — e 
— 61 E 
= 8P (PE + CE + En’) 
-8P (E= n) (E E) 
— 481E i, 
which is equal to 


(1 + 8P) & (& — 2&n° — 266° — 6ln’£?). 


The expression last written down is therefore the value of ££’, or dividing by & we 
have &, and then the values of 7’, ¢ are of course known, and we obtain the 
identical equation 


PF. =4ts 
(E — 2En® — 2E% — 6ly*t?) w 
(1 + 81°) (Ex + ny + $2)? + + (nt — 2b? — Ink — G1E*E*) y 

U + (o4 — 208 — 26n° — 618%") 2 


and the second factor equated to zero is the equation of the satellite line of 
Eu + ny + z = 0. 


33. The point of intersection of the line fa+ny+z=0 with the satellite line 
Ex+n'y+¢2=0 is the satellite point of the former line; and the coordinates of the 
satellite point. are at once found to be | 

wry: z=(n — E) (nf + 2E) 
: (0 — &) (SE + U) 
: (& — 9°) (En + 216°). 


34. If the primary line æ +ny+¢z=0 is a tangent to the cubic, then (a, Yı, 4) 
being the coordinates of the point of contact, we have 


E:n: =w t lya : y2+2laa, : 227+ lay; 
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these values give as before 
=R= nl ERE — 2°); 
and they give also 
nf +E = (1 + 86) y,22,2, 
and consequently we obtain 
æ : y: z= m (Yè — 2?) : Yy (2 — a?) : 2, (a — y’), 


that is, the satellite point of a tangent of the cubic is the point in which this 
tangent again meets the cubic. 


Article Nos. 35 and 36.— Theorems relating to the satellite point. 


35. If the line &&@+ny+z=0 be a tangent of the Pippian, then the locus of 
the satellite point is the Hessian. 


Take (a, y, z) as the coordinates of the satellite point, then we have 


wry: 2= (n — E) (nE+ 21%) 
> (0° — E) (EE + 2ln?) 
: (E — n°) (En + 216"); 
where the parameters £, 7, € are connected by the equation 
—L(E + oP +o) +(—1 + 40) Eno =0. 
We have 
Y + 2 = (0? — EY (SE + 21°) 
+ (8 — 9°) (En + 2107), 


and it is easy to see that the function on the right-hand side must divide by n°— & : 
hence a?+y®+442% will also divide by °— ¢, and consequently by (n - $°)(&—&) (E — n’). 


We have 
(y+ RAE = y = E (Ene semen) 
FPEF 7°) 
| => BES Ce? a) 
+e 
+ GIES {— t Bnd — 9h +38 (08417) — 983 
+ L2BEnt | — mE (n + E) + BES E) 
+8P {=mi Bn°S3E— (8 + E)E) 
and 


a + (mn — E) = (mf — E + f°) (mE? + CLE NPE? + 12l + SPE): 
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Adding these values and completing the reduction, we find 


(a? + y? + 2°) (n — E) (3 E) (B — 9°) = — & — 8 — 68 + mE + GE + 2E 
+181 a 
+120 (E +n’ + E) Eng 
+) SP Carl? + CF FET); 


and we have also 


aye + (9° — &) (C8 — &) (&— 7°) om Se 
+ 21 (& + 8 + &) En€ 
+ 4P (nE + CE? + En?) 
+ 82 Emte, 
~ and thence 


{A (a8 + y° + 2°) + Bayz} + (n° — E) (E — E) (E — n) 
aid (Etty 
+ (12PA + 4B) (E+ n’ + &) Eng 
+ (181A +(1+ 82) B) Ẹni 
+ (P + 8V) A + APB) (PE + CE + En’). 
The coefficient of °¢* + ££ + En? on the right-hand side will vanish if (1 + 2%) A +? B=0, 


or, what is the same thing, if A=P?, B=—(1+ 2l*); and substituting these values, we 
obtain 


(P + y? +28) = (L + 20) End} + (a = 8) E ENE r) 
=-? (B+ n+ 6) 
+O) (B+ a E) Ent 
+ (—1+ 82 — 160) Enei, 
or, what is the same thing, 
1 (at + y +2) — (1+ 20) aye =—( EAE- EE- 7") 
x {-LE + a + &) + (—1 + Al) Enh}. 
Hence the left-hand side vanishes in virtue of the relation between £, », £, or we have 
P (a + y? + 2) — (1 + 20°) syz = 0, 
which proves the theorem. 
36. Suppose that (X, Y, Z) are the coordinates of a point of the Hessian, and 


let (P, Q, R) be the coordinates of the point in which the tangent to the Hessian 
at the point (X, Y, Z) again meets the Hessian, or, what is the same thing, the 
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satellite point in regard to the Hessian of the tangent at (X, Y, Z). And consider 
the conie 

X (a? + Qlyz) + Y (y + 2lzx) + Z (a? + 2læy), 
which is the first or conic polar of the point (X, Y, Z) in respect of the cubic. The 
polar (in respect to this conic) of the point (P, Q, R) will be 


Ea + ny + éz =0, 
where 


E=PX+1(RY+ QD), 
n=QY + I (PZ + RX), 
¢= RZ + I (QX + PY); 
or putting for (P, Q, R) their values, 
E= (Y° — Z) (X? — LYZ), 
n= (& — X(T- Z2), 
¢=(X°— Y») (Z -1XY); 
and if from these equations and the equation of the Hessian we eliminate (X, Y, Z), 


we shall obtain the equation in line coordinates of the curve which is the envelope 
of the line Ee+ny+e=0. We find, in fact, 


B+ 9? + 62 = (Y — ZZ- XX- V2) 
A (X g ye + ay 
~ 81 (X:+ ¥?+Z*) XYZ 


x 
+ 92 XYZ 
+ (1 — 40) (YZ? + ZX? + X*Y*), 
Ent = (Y*— 2) (Z — X°’) (X: — Y’) 


( (X:+ Y? + Z) XVZ 
x 4 + (1-6) Xyz 
= l (YZ + ZX? + X*V%) ; 
and thence recollecting that 
HU =? (X:+ Y + Z) —(1 + 20°) XYZ, 
we find 
UE ++ &)+(—14 4) Eno = — EAE X*) EAE, 
and the equation of the envelope is 
—U(E +n +b) +(—1+ 4°) Eng = 0, 


which is therefore the Pippian. We have thus the theorem: 
52—2 
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The envelope of the polar: of the satellite point in respect to the Hessian of the 
tangent at any point of the Hessian, such polar being in respect of the conic which 
is the first or conic polar of the point of the Hessian in respect of the cubic, is the 
Pippian. 


Article Nos. 37 to 40.—Investigations and theorems relating to the first or conic polar 
of a point of the cubic. 


37. The investigations next following depend on the identical equations 


{a(X? + Q1VZ) + B(Y?+ 2ZX) + (Z? + QXY)} 
x {— X YZ (a + y + 2) + (X° + Y? + Z) xyz} 
= {X (æ + 2lyz) + Y (y + 2lzæ) + Z (2 + 2lxy)} 
x [X (° — 2°) (yy — Bz) + Y (Z — X’) (az — ya) + Z (X° — Y’) (Bx — ay) 
+ {a (X? + UYZ) + y {Y° + UZX) + 2(2°+ 2XY)} 
x {— (a YZ + BZX +yX Y) (Xæ + Yy + Ze)+ (aX? + BY? + yZ*) (X Yz + Year+ Zay)}, 


which is easily verified. 


I represent the equation in question by 
KT=WL+P®; 


then considering (a, y, z) as current coordinates, and (X, Y, Z) and (a, 8, y) as the 
coordinates of two given points =} and Q, we shall have U=0 the equation of the 
cubic, W=0 the equation of the first or conic polar of = with respect to the cubic, 
P=0 the equation of the second or line polar of = with respect to the cubic. The 
equation T=0 is that of a syzygetic cubic passing through the point =: the 
coordinates of the satellite point in respect to this syzygetic cubic of its tangent at 
> are 


X(¥Y°-2): YZ- Xj : Z L Ys); 


and calling the point in question >’, then ZL=0 is the equation of a line through 
the points >’, Q. The equation @=0 is that of a conic, viz. the first or conic polar 
of $ with respect to a certain syzygetic cubic 


—2(aYZ+ BZX + yXYV) (a + y+ 2) + (aX? 4+ BY? +97) eyz =0, 


depending on the points =, ©, or, what is the same thing, the conic @=0 is a 
properly selected conic passing through the points of intersection of the first or conic 
polars of = with respect to any two syzygetic cubics; and lastly, K is a constant 
coefficient. The equation expresses that the points of intersection of 


(W=0, P=0), (W=0, @=0), (L=0, P=0), (L=0, @=0), 
lie in the syzygetic cubic T=0. 
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The left-hand side of the equation may be written 


— XYZ {a (X? + 2VYZ) +B (Y° + ZX) + y(44 WXY)} (a +y? + 2 + 6layz) 
+ ayz{a(X?+ 2VZ)+ B(V?+ 2ZX) + (2+ 2UXY)} (X? + V+ 24+ 6X YZ); 


and it may be remarked also that we have 
— 3X YZ {a (X? + 21YZ) + B (VY? + 2ZX) + y (+ 2XY)} 
equal identically to 
(X (Y° — Z) (yY — BZ) + Y (Z° — X*) (aZ — yX)+ Z (X° — Y°) (BX — aY )} 
—(aYZ + BPZX + yX Y)(X? + Y? + 2+ 6X VZ). 
Hence if we assume 
A? + YFF GLA YZ = 0, 
the equation will take the form 
KU= WL + PO, 


where the constant coefficient K may be expressed under the two different forms 


K=- XYZ [a (X? +2UAYZ) +8 (Y° + 21ZX) + y (Z+ 2XY)} 
=4{X(Y*— 2) (y¥ — BORT = A (aZ — y¥X) + a Y*) (BX — aY); 


and W, L, P, ® have the same values as before. In the present case the point > 
is a point of the cubic: the equation W =0 represents the first or conic polar of 
the point in question, and the equation P=0 its second or line polar, which is also 
the tangent ef the cubic. The line L=O0 is a line joining the point Q with the 
satellite point of the tangent at >, or dropping altogether the consideration of the 
point Q, is an arbitrary line through the satellite point: the first or conic polar of 
~ meets the cubic twice in the point 2, and therefore also meets it in four other 
points; the conic @=0 is a conic passing through these four points, and com- 
pletely determined when the particular position of the line through the satellite 
point is given. And, as before remarked, @=0 is a conic passing through the points 
of intersection of the first or conic polars of & with respect to any two syzygetic 
cubics. We have thus the theorem: 


The first or conic polar of a point of the cubic touches the cubic at this point, 
and besides meets it in four other points; the four points in question are the points 
in which the first or conic polar of the given point in respect of the cubic is 
intersected by the first or conic polar of the same point in respect to any syzygetic 
cubic whatever. 


38, The analytical result may be thus stated: putting 
«=aYZ+BZX+yXY, N=aX?+ BY? + HZ, 


www.rcin.org.pl 


414 A MEMOIR ON CURVES OF THE THIRD ORDER. [146 


or, if we please, considering «, à as arbitrary parameters, then the four points lie in 
the conic 


(2KX, 2KY, 2xZ, — AX, — AY, —AZ Ya, y, z} =0, 
or, what is the same thing, they are the points of intersection of the two conics 
Xæ + Yy + Ze =0, 
Xyz + Vex + Zey =0. 
39. Considering the four points as the angles of a quadrangle, it may be shown 
that the three centres of the quadrangle lie on the cubic. To effect this, assume 


that the conic 
(21X, 2KY, 2xZ, — AX, — NY, —AZ Ya, y, z} =0 


represents a pair of lines; these lines will intersect in a point, which is one of the 
three centres in question. And taking æ, y, z as the coordinates of this point, we 
have 


a y 2: ye: ce: wy = AYZ = NX? 

: 4e ZX- NY? 

: 4e XY- NZ 

M YZ + 2x? 

M ZX + 2xrY? 

MAY + 2KrZ?; 
and we may, if we please, use these equations~to find the relation between x, À. 
Thus in the identical equation æ? .y?— (æy}=0, substituting for «°, æy, y? their values, 


and throwing out the factor Z, we find (4«*—)*) XYZ -eN (X:+ Y*+Z)=0, and 
thence, in virtue of the equation X*+ Y*+ 7+61X YZ=0, we obtain 


4x? + 6ler2 — 3 = 0. 


\ 


But the preceding system gives conversely, 

AP FRED EVAL SAY = YEN 
: heze — NY 

: 4Pay— 22? 

My2 + 2era? 

M20 + ery? 

May + eNe. 

Hence from the identical relation X?. Y7-(XY)=0, substituting for X’, XY, F? 


their values, and throwing out the factor z, we find (4è — A?) æyz — er? (a? + y? + 2°) = 0, 
and thence, in virtue of the equation 4 — N =-— 6l«d2, we obtain 


a +y? +2 + Glayz = 0, 
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which shows that the point in question lies on the cubic. We have thus the 
theorem : 


The first or conic polar of a point of the cubic touches the cubic at the point, 
and meets it besides in four points, which are the angles of a quadrangle the 
centres of which lie on the cubic. In other words, the quadrangle is an inscribed 
quadrangle. 


40. To find the equations of the three axes of the quadrangle, that is of the 
lines through two centres. 
We have 
(4K? YZ— NX) a +( NXY + 2WdAZ*) y +( NZX + WAY") z = 0, 
( VPXV 4+ 2nrAZ*) a+ (4°ZX — NY*)y+( XYZ + WrX?*) z =0, 
( NZX + WAY*) w+ ( NYZ + WwrAX*)y+(4eXVY— MZ) z=0; 
or arranging these equations in the proper form and eliminating x°, «d, ~, we find 
| YZa, Zy +YV%, X(-Xs+ Yy + Z2) | =° 
ZXy, Xz+Ze, Y( Xs- Yy +22) 
XYz, Y?æx+Xy, Z( Xæ + Yy+ Zz) 
or, multiplying out, 
XYZ (2 -— Y*) a +(X- 2) y + (V3 -— X*) 2} 
+ wyZY? (—2X° + Y? + 2) +2æY Z (2X — Y’ Z) 
+ Y2XZ? (—2Y°? + Z + X*) + ayZX? (2Y*-Z — X>’) 
+ 2aVX?(— 22 + X + V*)+ y2X Y?(22 — X — Y*) =0. 


We may simplify this result by means of the equation X'+ Y?+7+4+61XYZ=0, so as 
to make the left-hand side divide out by XYZ: we thus obtain 


(22? Y*) a + (X-A y+ Y- X*) 
+ (—8X°Y — 61Y°Z) æy + (— 8Y°Z — 61Z2X) yz + (— 32X — 6l X? Y) 2a 
+( 3XY?+ 61X*Z)ay+( 3Y2+61Y°X)y24+( 32X°+612Y) 2a =0; 
or in a different form, 
(y? — 2°) X? + (28 — æ) Y? + (æ — y?) Z 
+ (— 3a*y — bles) X Y + (— 3y%2 — 6la*y) Y°Z + (— 32x — 6ly?z) 2X 
+( 3æy + 6lyz?) XV*+( 3y2? + 6lzea*) YP +( 32a? + bley?) ZX? = 0, 


as the equation of the three axes of the quadrangle. 
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Article No. 41. Recapitulation of geometrical definitions of the Puppian. 


In conclusion, I will recapitulate the different modes of generation or geometrical 
definitions of the Pippian, obtained in the course of the present memoir. The curve 
in question is: 


1. The envelope of the line joining a pair of conjugate poles of the cubic (sec 
Nos. 2 and 13). 


2. The envelope of each line of the pair forming the first or conic polar with 
respect to the cubic of a conjugate pole of the cubic (see Nos. 2 and 14). 


3. The envelope of a line which is the polar of a conjugate pole of the cubic, 
with respect to the conic which is the first or conic polar of the other conjugate pole 
in respect to any syzygetic cubic (see Nos. 2 and 9). 


4. The locus of the harmonic with respect to a pair of conjugate poles of the 
cubic of the third point of intersection with the Hessian of the line joining the two 
conjugate poles (see Nos. 2 and 17). 


5. The envelope of a line such that its lineo-polar envelope with respect to the 
cubic breaks up into a pair of lines (see No. 24). 


6. The envelope of a line which meets three conics, the first or conic polars of 
any three points in respect to the cubic, in six points in involution (see No. 22). 


7. The envelope of the second or line polar with respect to the cubic, of a point 
the locus of which is a certain curve of the sixth order in quadratic syzygy with 
the cubic and Hessian, viz. the curve —S. U? + (HU} =0 (see No. 27). 


8. The envelope of a line having for its satellite point a point of the Hessian 
(see No. 35). 


9. The envelope of the polar of the satellite point with respect to the Hessian 


of the tangent at a point of the Hessian, with respect to the first or conic polar of 
the point of the Hessian in respect to the cubic (see No. 36). 
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